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ABSTRACT: A model of a symmetrical polymer mixture, where both polymers A and B are modeled by 
self-avoiding walks of N A  = NB = N steps on the simple cubic lattice and a lattice site is taken by either an 
A monomer, a B monomer, or a solvent molecule (or a vacancy V, respectively), is analyzed by Monte Carlo 
simulations, in order to analyze the validity of the predictions of the Flory-Huggins theory. We introduce 
energy parameters t E tu = tgg if two neighboring sites are taken by monomers of the same kind and CAB 
if they are taken by monomers of different kind, while energy parameters involving the solvent (or vacancies) 
are put equal to zero. Solvent concentrations 4, = 0.2, 0.4, 0.6, and 0.8 and chain lengths N = 4, 8, 16, 32, 
and 64 are considered. It is shown that the linear dimensions of the chains in this concentrated solution regime 
still have a pronounced dependence on both concentration and temperature, the minority component having 
systematically smaller radii (although for e = em = 0 both A and B have identical radii). We attribute the 
huge discrepancies found between the “exact” critical temperature of phase separation for this model and 
those predicted by the Flory-Huggins approximation to the crude treatment of chain configurational statistics 
in this approximation. We also obtain binodal curves and the scattering function Smll(q4) and discuss the 
crossover from Ising-like critical behavior to mean-field critical behavior as N - m. Consequences for 
experimental work are briefly discussed. 

1. Introduction 
There exists an enormous amount of literature on the 

thermodynamic properties of polymer solutions and 
polymer blends, which is based on the Flory-Huggins 
lattice model’-26 or generalizations thereof, such as the 
Sanchez-Lacombe lattice fluid these theories are 
broadly accepted for the interpretation of experimental 
data. 

It has been well-known for a long time, of course, that 
these theories involve drastic approximations even beyond 
the use of a lattice model [which may be inappropriate for 
a fluid system, particularly if there exists a pronounced 
disparity in the size and shape of the monomeric units (and 
the solvent molecules, if they are included)]. In fact, there 
are three kinds of approximations: First, in the treatment 
of the pairwise interaction between monomers of polymer 
A and polymer B, one neglects any correlations in the 
occupation probability of lattice sites; this leads to  an 
expression of the interaction enthalpy of the form x@A@B 
where x is a “Flory-Huggins parameter” and @A and @B 
are the volume fractions of A and B monomers, respec- 
tively. For symmetric polymer mixtures (NA = NB = N) 
the Flory-Huggins theory’-8 predicts the critical point of 
unmixing to occur for x = xc = 2/[(1- &)NI, where 4” is 
the volume fraction of the solvent (or vacancies, respec- 
tively). Since xe - 0 for N - 00,  it is clear that this weak 
interaction should not introduce strong correlations in the 
occupation probability, and hence this mean-field ap- 
proximation is believed to be rather a c c ~ r a t e . 4 ~ J ~  Second, 
for estimation of the configurational entropy of the chains, 
most of the excluded volume restrictions are neglected. 
While for dense polymer systems the excluded volume 
interaction should “cancel out” in the sense that1*28 the 
relation for the gyration radius (R2,) 0: N holds asymp- 
totically for large N, the prefactor in this relation is larger 
than the prefactor for simple random walks: thus, the 
accuracy of the expression for the configurational entropy 
per lattice sitelL8 

is not obvious. The third approximation involves the re- 
lation between the Flory-Huggins parameter x and the 
nearest-neighbor pair energies tu, cBB, and CAB (between 
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two A monomers, two B monomers, or one A and one B 
monomer, respectively) where one chooses’ 

with z being the coordination number of the lattice. 
Clearly, eq 2 only holds for z - m as a t  most z - 2 
neighboring sites of an inner monomer can be available for 
occupation by monomers of other chains. 

Attempts12-14 to find improved analytical expressions for 
both S and x have appeared already in the early litera- 
ture,12J3 but the common is that such improve- 
ments are not really necessary: thus, the simple Flory- 
Huggins expression for the Gibbs free energy of mixing 
(which we write down here for 4” = 0 only) 

has been the standard starting point for generalizations 
considering ternary6J0J’ or multicomponents mixtures, 
unmixing kinetics,’”18 interfacial structure,1s25 block co- 
polymers,26 etc. Comparing such work to corresponding 
experimental data does not provide a clear-cut test of the 
theory, since the Flory-Huggins lattice model is a crude 
oversimplification of nature, and it is not obvious to give 
a precise meaning to its basic microscopic parameters 
(lattice constant a, coordination number z,  energy param- 
eters 4u ,  @BB, #AB, etc.). Thus, while there is a rich lit- 
erature where eq 3 (or generalizations thereoP7) is fitted 
to some experimental data and the temperature and con- 
centration dependence of x are e x t r a ~ t e d , ~ ~ ~ ~ * ~ ~ f ’  it is not 
clear to what extent this behavior of x represents real 
physics and to what extent i t  represents simply artifacts 
due to inaccurate statistical mechanics involved in the 
derivation of eq 1-3. 

In the present paper we shall present a more crucial test 
of the Flory-Huggins theory, by performing Monte Carlo 
 simulation^^^-^^ of the Flory-Huggins lattice model in- 
cluding a solvent (or vacancies V). In this approach, the 
microscopic parameters of the Flory-Huggins theory have 
a precise meaning, but the three crude approximations 
above are avoided: the Monte Carlo m e t h ~ d ~ ~ - ~  provides 
the “numerically exact” statistical mechanics of the model, 
apart from statistical errors and systematic errors due to 
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finite lattice size, e t ~ . , 3 1 ~ ~  which can be controlled, however. 
In previous ~ o r k ~ ~ s ~ ~  we have demonstrated the feasibility 
of this approach by studying one value of only, 4” = 0.2; 
in the present paper we extend this work and study the 
v a r i a t i ~ n ~ ~ ” ~  of the properties of the model with increasing 
&, including also larger chain lengths (N  = 64) .  Unex- 
pectedly, we find that for rather concentrated solutions 
(4, = 0.2-0.8) the excluded volume effects present on short 
length scales seems to be rather important in explaining 
the actual properties of the model. 

In section 2 we briefly recall the simulation method36 
and, as an example, present “raw data” for the cases N = 
64, 4, = 0.6 and N = 16, 4, = 0.8 and their analysis by 
“finite-size scaling” techniques.3s41 Section 3 then shows 
results for the equation of state of the mixture for various 
vacancy concentrations and discusses the critical tem- 
perature for phase separation as a function of both 4” and 
N ,  comparing it to theoretical predictions. Section 4 then 
shows results for the chain linear dimensions as a function 
of temperature and concentration and presents a tentative 
interpretation of our findings, incorporating excluded 
volume effects into the treatment of the de Gennes28 
random-phase approximation. Section 5, finally, sum- 
marizes our conclusions and discusses pertinent experi- 
mental work. 

2. Simulation Technique a n d  Analysis of t he  
“Raw Data” Obtained by the Monte Carlo Method 

An extensive description of our techniques and their 
application to the Flory-Huggins model has already been 
given e l~ewhere ,~~  and hence here we are summarizing the 
main points only. 

We study simple cubic L x L x L lattices, with box 
linear dimensions between L = 8 and L = 30 lattice 
spacings, applying periodic boundary conditions. We are 
studying here only symmetric mixtures (NA = NB = N); 
all polymer chains are represented as random walks on the 
lattice. These random walks are both self-avoiding and 
mutually avoiding; an initial configuration of the model 
is generated by a variant% of the Rosenbl~th-Rosenbluth~~ 
technique. Of course, these initial configurations need not 
yet exhibit the proper statistical properties of the chains 
and therefore are carefully relaxed by a dynamic Monte- 
Carlo algorithm34 allowing for motions of two and three 
adjacent bonds on the lattice* as well as end bond motions. 
For 4” = 0.8 and #, = 0.4, only the case N = 16 is con- 
sidered, while for #” = 0.6 N is varied from N = 8 to N = 
64. For 4, = 0.2, N was varied from N = 4 to N = 32 in 
our previous ~ o r k . ~ ~ , ~ ~  

While in the limit 4” - 0 it is a single energy parameter 
t E tAB - (tu + 6 g g ) / 2  which matters, cases with the same 
t but different choices for eAA, EBB, and CAB are no longer 
equivalent for 4” # 0. We have therefore studied three 
choices of energy parameters: (1) tu = tBB = -E, tAB = 0; 
(2) tm = t, tu = tgg = 0; (3) EM = tgg = -em = -t/2. Note 
that no energy parameters are included involving the 
solvent (or vacancies). These energy parameters are taken 
into account in the Monte Carlo sampling of configurations 
in the standard way32-34 via the transition probability w. 
For each attempted move that is consistent with the ex- 
cluded volume restrictions one computes the change in the 
number of nearest-neighbor AA, BB, and AB pairs and 
hence the resulting energy change a. The move is ex- 
ecuted only if the transition probability w = exp(-AE/kBT) 
exceeds a random number {that is uniformly distributed 
between zero and unity. 

The main novel feature of our Monte Carlo a l g ~ r i t h m ~ ~ , ~ ~  
is the fact that the simulation is carried out in the 
grandcanonical ensemble of the mixture; i.e., the chemical 
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Figure 1. Plot of the mean-square gyration radius (upper part) 
and mean-square end-to-end distance (lower part), normalized 
per chain length N ,  versus the number k of steps between the 
grandcanonical chain relabeling trials. These results have been 
recorded for = 0.6,4A = 0.04, @B = 0.36. For all chain lengths 
the temperature kBT/c is chosen such that m = (C#JB - @~)/0.4 = 
0.8 corresponds to the coexistence curve (AM = 0). This calculation 
was performed choosing = 0. 

potential difference Ap between the A and B monomers 
is held fixed, rather than the relative concentration dA/ (dA 
+ $JB) = dA/ ( l  - 4”). This means that every hth step 
[where 12 is typically between 1 (for Ah = 0) and 100, in 
units of Monte Carlo steps per bond; it has been checked 
that the results for the thermodynamic properties defined 
below (eq 4-8) do not depend on k ]  we consider an at- 
tempted move where the chain configuration is held fixed 
but the chain changes its identity. In the transition 
probability w, a term ApN (for a transition A -+ B) or 
-ApN (for a transition B - A) is then included in the 
energy change AE. The number of configurational relax- 
ation steps k between these attempted chain relabelings 
must be large for very different from #B, since we find 
the linear dimensions of the A chains to differ from those 
of the B chains in the general case where #A # @B, see 
Figure 1, even though we consider only cases with tAA = 
tgg. In the absence of these attractive interaction param- 
eters ( t u  = tBB = CAB = 0) all chains have the same linear 
dimensions. 

The quantities calculated from the Monte Carlo sam- 
pling include the number of A and B chains in the system, 
nA and nB, respectively, which immediately yields the 
“order parameter” M of the unmixing transition of the 
mixture 

M An/n  n 3 nB + nA, An nB - nA ( 4 )  

Since in a finite lattice ( M )  = 0, the quantity recorded to 
calculate the coexistence curve is m (IMI). In our sym- 
metrical model, the coexistence curve is then obtained as 
follows [&it = (1  - 4,)/2]: 

= #cr i t ( l  - m) = $@’ 

= #crit(1 + m) = $JKY ( 5 )  

From a sampling of the fluctuations of M ,  we obtain the 
maximum value SmU(k=O) of the collective structure factor 
S c o d k ) ,  

Scol l (&=O) = nN(1 - #,)[UP) - (IMI)*l (6) 
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with Sc0& being defined as the Fourier transform of the 
fluctuations in the relative concentration I4~ j  - 4.~~1- (14~' 
- 4 A j l )  

S,*,(G 
([E exp(ig*aj)(lhj - 4Ajl - (I4Bj - 4Ai1))l2)/L3 (7) 

J 

where the sum extends over all lattice sites j and d ~ j ( @ ~ j ' )  
is unity if site j is taken by an A(B) atom and otherwise 
zero. 

Furthermore, we obtain the average energy ( E )  in the 
system and the specific heat from the sampling of energy 
fluctuations 

c, = L3((E2)  - ( E ) 2 ) / k B p  (8) 

Here E is the internal energy normalized per lattice site; 
the specific heat C,  is also normalized per lattice site. 

Next, we consider the mean-square end-to-end distances 
(R2)A and (R2)B and the mean-square gyration radii 
(R2,)A and (R2,)B of the chains 
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nB 

(R2,)B = (E  E(Fj1 - Fjk)2/nB)/B2 (10) 
j=1 k<l  

where Tjk is the site of the kth effective unit of the j th chain 
of species A or B, respectively. 

Figures 2-4 now show some examples on the simulation 
results and their analysis. Figure 2a shows the order pa- 
rameter as a function of temperature, for & = 0.6, N = 
64, and A p  = 0. With eq 5 these results can be used to 
construct the coexistence curve of the model. While for 
T 5 0.9Tc the results are independent of the linear di- 
mension L of the box, and hence representative of the 
behavior in the thermodynamic limit, L - a, pronounced 
finite-size effects are seen for T 2 O.9TC. Of course, the 
finite-size "tails" of the order parameter m(T,L) = (1m )TJ 
for T > T,  are effects due to fluctuations which must give 
nonzero contributions in finite systems. Such phenomena 
are well-known and well understood in the simulation 
study of other phase transitions in condensed matter 
physics too.32*33 There exists a standard extrapolation 
procedure, based on the so-called "finite-size scaling 
the~ry",~**l see eq 12 and 13 and Figures 3 and 4 below, 
from which the asymptotic behavior of m( T,L--), in- 
cluded as a broken curve in Figure 2, is obtained. 

Similar size effecb are seen in the structure factor Scou 
shown in Figure 2b. Since these data are taken for Ap = 
0, they represent critical scattering where for T > T, one 
follows a path a t  constant critical concentration = 4 B  
= = (1 - &)/2, while for T > T,  one would follow a 
path exactly along the coexistence curve in the T - +A 
diagram. 

Extrapolation of the positions T,,(L) where Scou has 
its peak [and similarly extrapolation of the positions where 
the specific heat C,  (eq 8) has its peak, ref 35, 361 yields 
one criterion for the location of the critical temperature 
T, of the model. Of course, phase transitions in a strict 
sense can occur in the thermodynamic limit, L - a, only, 
while for finite L all quantities (m, Scoll(0), C,, etc.) must 
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Figure 2. Order parameter m plotted versus kBT/e (a, top), 
structure factor SColl(k=O) plotted versus kBT/c (b, middle), and 
cumulant UL plotted versus c/kBT (c, bottom). All results refer 
to the case N = 64,& = 0.6, A p  = 0, and em = 0. Broken curve 
in case a is based on the finite-size scaling analysis, see Figyre 
3a, representing the law m = B(l - TIT,)@, with /.3 = 0.32, B = 
1.3, r/kBT,  = 0.0490. Three values of L are shown as indicated 
in the figure. Insert of part b is a log-log plot of the maximum 
value of ScoU(O) versus box volume. 

have a smooth variation with temperature, as obtained. 
Nevertheless, we can estimate the location of T, with 
reasonable accuracy (relative accuracy 1% or better); an- 
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where o(c) is a scaling function which behaves as o({ - 
-a) - 0, U({-  +a) = 2/3, while U(O) is a nonzero positive 
constant. In eq 12, Y is the critical exponent44 of the 
correlation length of the concentration fluctuations, t; a 
11 - TIT,/-”. Equation 12 simply expresses the fact that 
in the critical region UL(T)  should be simply a function 
of the ratio L l f  but should not depend on these two 
lengths inde~enden t ly .~~  As a consequence, the curves 
U L ( n  for different L must intersect in a common inter- 
section point U(0) if T = T,, and this fact is borne out by 
the Monte Carlo results (Figure 2c) .  Of course, there 
always is some scatter due to statistical  error^,^^!^^ and also 
for not too large L (and temperatures not too close to T,) 
there are also some systematic corrections to finite-size 
scaling, which holds in the limit specified in eq 12 only; 
but in spite of these practical limitations (which can be 
reduced, if necessary, by investing a considerably larger 
effort in computer time), we are able in practice to estimate 
T,  with a relative accuracy of 1% or better for our model. 
As will be noted in section 3, this accuracy by far is good 
enough to provide a sensitive test for the Flory-Huggins 
approximation and related theories. 

Another consequence of finite-size scaling is that the 
family of curves m(T,L) in Figure 2a can be collapsed on 
a scaling function fi{Sj by rescaling the variables m and 
(1 - TI / T,  as f o l l o ~ s : ~ ~ ~ ~ ~  

mLB1” = fi((1 - T/T,)L’I’’) T - T,, L - m (13) 
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Figure 3. Finite-size scaling plots of the order parameter 
plotted versus 11 - T/T,IL’/’ for the model with 4, = 0.6 and CAB 
= 0. Case a (top) refers to N = 64 using Ising exponents ( p  = 
0.32, v = 0.63) while case b (middle) also refers to N = 64 but uses 
the mean-field form of finite-size scaling, eq 15. Both cases a and 
b use t/kBT, = 0.049 as implied by Figure 2c. Case c (bottom) 
refers to N = 16, using t/kBTc = 0.1661 and the Ising exponents. 

other independent criterion to locate T, is the intersection 
point of the cumulant UL defined as 

(11) 

if U, for several choices of L is plotted vs temperature 
(Figure 2c). While the justification for getting T, from an 
extrapolation of Tm(L) is obvious, the justification of the 
cumulant intersection methodm really is due to finite-size 
scaling theory, which 

u, = 1 - (M4)/(3(it42)2) 

UL(2‘) = D{(1 - T/T,)L’/”] 
T -. T,, L - m, (1 - T/T,)L1/’ finite (12) 

where p is the exponent of the order parameter in the 
asymptotic power law, which applies in the thermodynamic 
limit 

m(T,L--) = B(l  - T/T,)P T - T,  (14) 

with being the “critical a m ~ l i t u d e ” . ~ ~  Since a careful 
analysis of our results for & = 0.2 has revealed that the 
critical behavior for N I 32 is still fully consistent with 
the exponents of the “Ising universality classn, 44 namely,& 
p z 0.32, v z 0.63, y z 1.24, we use these Ising exponents 
also in the present case, Figures 3 and 4. Although it is 
p r e d i ~ t e d ” ~ ~ ~ ~ ~  that for N - m one should rather observe 
mean-field exponents,u 8 = lI2, y = 1, Y = lI2, there is no 
evidence for a mean-field critical regime even for chains 
as long as N = 64: the peak value of the structure factor 
Sgr behaves as SzF a LYi” = (L3)0.65, see insert of Figure 
2b, as finite-size scaling using Ising exponents implies.39 
In contrast, the mean-field version of finite-size scaling 
would require4l Sgy a: L3I2 for d = 3 dimensions; such a 
law is not consistent with our results. When in the fin- 
ite-size scaling of the order parameter instead of eq 13 the 
mean-field formula4l 

mL314 = fij(1 - T/Tc)L3/2)  T - T,, L - m (15) 

is used, where f i l l‘)  is another scaling function, signifi- 
cantly worse “data collapsing” is obtained (Figure 3b). 

Just as has been illustrated here for the case N = 64, 
& = 0.6, we have proceeded for all other values of N and 
c$v studied, too, as well as in the case where cAB is nonzero. 
It turns out that the results always are qualitatively rather 
similar to each other, and hence only a small sample of our 
results is shown in Figure 4. In all cases studied we obtain 
a reasonable fit of the critical behavior with Ising expo- 
nents, the order parameter amplitude B = 1.3 f 0.1 being 
independent of both N and &, within our error limits. 
However, an interesting systematics seems to emerge with 
respect to the dependence of T,  on both Nand  &, as will 
be discussed in the next section. 
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Figure 4. Finite-size scalingplots of the order parameter, mLblv plotted versus 11 - T/T,IL'/", T/TcILIIv, for a variety of cases. Ising 
exponents ( p  = 0.32, v = 0.63) are used throughout. Case a (top left) refers to  the choice N = 16, q5,, = 0.6, tu = tAB = 0, using t /kBTc 
= 0.1881. Case b (bottom left) refers to the choice N = 16, 9, = 0.6, c u  = CBB = -CAB, using t/kBTc = 0.177. Case c (top right) refers 
to the choice N = 16, $I,, = 0.4, tAB = 0, using t / kBTc  = 0.0921. Case d (bottom righs) refers to the choice N = 15, 4, = 0.8, eu = CBB 
= -ca, using c/kBTc = 0.52. Straight lines always show the asymptotic law m = B( l  - T/T, )o  with p = 0.32, B = 1.3. 

3. Equation of State of the Flory-Huggins Model 
and Comparison to Theoretical Predictions 

First we recall the explicit predictions resulting from the 
Flory' and Guggenheimf2 approximations for the equation 
of state of our symmetrical Flory-Huggins lattice model 
( N A  = NB = N) in the limit of zero vacancy concentration 
(4" = 0). It is convenient to start from the following ex- 
pressions for the chemical potential difference ApA and 
Apg, normalized per chain, in the Guggenheim12 approx- 
i m a t i ~ n ~ ~  

where q E N ( 1 -  212) + 212 and K is related to the energy 
parameter t via 

(1 - K )  = p#A#B(ezf/kBT - 1) (17) 

In eq 16, A ~ A  (Apg) denotes the change in free enthalpy 
(Gibbs free energy) when an A chain (or B chain, respec- 
tively) is added to the system. The chemical potential 
difference Ap between an A segment and a B segment on 
a lattice site (this is the quantity thermodynamically 
conjugate to the relative segment concentration # = (#A + #B) = #A) thus becomes 

where the appropriate solution of the quadratic equation 
17 for K is 

(19) 

From eq 18 and 19 the Flory approximation results from 
the two following approximations: (1) Since for the tem- 
perature regime of interest, t/kBT << 1, one may replace 
e-zc/kBT - 1 by -2c/kBT and expand the square root to 
obtain 

and also expand In (1 - K#A)/(1 - K+B) to first order in 
t/kBT to obtain 

(2) The factor q / N  is replaced by unity, which obviously 
is correct for z -+ m only. With these approximations, eq 
21 coincides with the result found from eq 2 and 3 for N A  
= N B  = N, remembering Ap/kBT a(AG/kBn/a$ ,  #B = 
1 - #, #A = 4. From eq 21 we then obtain the inverse of 
the collective structure function as the second derivative 
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Z 
a- 
? 

Equation 22 yields the prediction for the critical point 
occurring a t  dA = dB = 'Iz and xAB = xc = 2/N. 

We now wish to obtain S&(q=O) from the more accu- 
rate eq 18. This yields 

+o 
5 *  
w y  
" 4 

S&(q=O) = - 
I 

from which one finds the critical temperature in the 
Guggenheim approximation as12 

(25) 
2 

The Flory approximation again follows for z - a, Le., 
(zt/kBTc)mow = 2/N. From eq 17 and 18 we obtain for Ap 
= 0 the equation of the coexistence curve (binodal) as [#A 
= (1 + m)/2; $B = (1 - m)/2] 

1 - m zq 
In - = - In 

1 + m 2 

with 

1 + ((1 - m)/(l  + m))(l - K )  
1 + ((1 + m)/( l  - m))(l - K )  

(264 

Solving eq 26a for K = K(m) allows a straightforward 
evaluation of the inverse function of the coexistence curve, 
i.e., t /kBT as a function of m. 

From eq 26 we also can find the Flory approximation 
using eq 20 and expanding the logarithm on the right-hand 
side of eq 26a to find 

To our knowledge, the Guggenheim12 approximation has 
not yet been worked out in detail for ternary systems. The 
Flory" approximation, on the other hand, is straightfor- 
wardly extended4s to the present ternary system with NA 
= NB = N. Equation 3 is replaced by 

AG 4 A  ln $A + d B  '#'B 
+ dv In @v + X A B ~ A ~ B  + - -  

kBT - N 
1 1 
Z X A A ~ A '  + Z X B B ~ B '  (28) 

Writing now 

d~ = [(I - 4,)(1 + m)1/2 d~ = [(I - dJ(1 - m)1/2 
(29) 
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one finds for the part AG'of the Gibbs free energy that 
depends on m 

" ={? 1 l + m  In (9) + 7 1 - m  1n (9)) + 

It is seen that AGf(4J/(1 - dV) has the same structure that 
AG'(4, = 0) has if we introduce the renormalized Flory 
parameters 

where in our notation 
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In Figure 5 we are now comparing eq 32a and 25 to our 
numerical results. From this comparison the following 
conclusions immediately emerge: (1) In all cases the Flory 
approximation overestimates the critical temperature by 
at  least a factor of 2. The Guggenheim approximation (so 
far available for & = 0 only, where no computer simulation 
results exist) is distinctly better, but also not exact. (2) 
The Flory prediction, that adding vacancies produces a 
decrease in critical temperature according to a factor 1 - 
&, also is a severe underestimate of the actual decrease 
of the critical temperature. (3) The Flory prediction, that 
it is only the combination 2eAB - tu - tgg (cf. eq 2 and 32) 
that matters for the location of the critical temperature, 
is rather accurate for & 5 0.5 but breaks down completely 
for large vacancy concentration. Already for & = 0.8 
critical temperatures for the three different cases studied 
in Figure 5 differ among themselves by up to a factor of 
3! 

We now proceed to  compare our data for the full coex- 
istence curve at  $v = 0.6 (Figure 6a) to the predictions of 
the Flory approximation (Figure 6b) and the Guggenheim 
approximation (Figure 6c). It is seen that the true shape 
of the coexistence curve near T,  is much flatter than the 
Flory prediction. This reflects the non-mean-field value 
of the critical exponent p in eq 14, p 0.32, while the Flory 
result following from eq 27 simply is 

mFlory = ~ ( i  - T / T ~  T - T, (33a) 

From the Guggenheim approximation, eq 26, one similarly 
derives 

Since for very long chains t /kBT,  i= 2/zq - 0, the critical 
amplitude for m then takes the same value, 4 5 ,  in both 
the Flory and the Guggenheim approximations. Thus 
although the Guggenheim approximation yields a flatter 
shape of the coexistence curve, it still yields mean-field 
critical behavior, as expected. The very pronounced de- 
viation from mean-field critical behavior as found in the 
present work should occur for real polymer systems as well, 
due to  the “universality principle” of critical phenome- 
na.44p45 But if the lattice coordination number (or the 
interaction range, respectively) increases, the range of 
temperatures where this non-mean-field Ising critical be- 
havior occurs gets smaller. Similarly, a reduction of the 
Ising critical regime is expected to occur for large chain 
molecular weight, as discussed in ref 17, 29, and 36. At 
low temperatures, where m - 1, both the Flory and the 
Guggenheim approximations yield the expression 

m 1 - 2 ex.( -%) (33c) 

In the Flory approximation, however, zq is replaced simply 
by N in eq 33c. 

Figure 7 shows the equation of state as obtained in our 
simulation for both @,, = 0.2 and &, = 0.6. From these data 
we can define an “effective” Flory parameter x by using 
eq 21 

NXeff t ( ln  - $1 (34) 

If the Flory theory were exact for the present model, we 
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Figure 6. Coexistence curves of the Flory-Huggins model for 
several values of N according to the Monte Carlo calculation for 
$v = 0.6 (case a, top) compared to the coexistence curves as 
obtained from the Flory approximation, eq 27 (case b, middle), 
and the Guggenheim approximation, eq 26a,b (case c, bottom). 
Note that both case b and case c refer to $,, = 0, but case b is 
generalized to $v # 0 simply by replacing x by x(1- $,,) in this 
figure and $A by $*/(1 - $J as in case a. 

simply would have (1 - @,)x,ff = zt/kBT. Figure 8 shows 
the curves X e f f ( @ A , n / [ % ( l  - &)] in the plane of variables 
e/kgT and @A; instead of straight horizontal lines (equal 
to c/kB7‘) we observe curves which throughout have a 
much smaller value. The curvature is the more pro- 
nounced the lower the temperature, while in the limit 
e/kBT - 0 Xeff/[z(l - &)] differs from e/kBT simply by 
a constant factor. In this limit, this factor just reflects the 
fact that the number of contacts that a monomer of one 
chain has with monomers of other chains is not z(1-  4,) 
but distinctly smaller. (Only the interaction of monomers 
of one chain with monomers of other chains can lead to 
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Figure 7. Plot of the order parameter m (=(OA - &J/(l- @v)) 
plotted versus the chemical potential difference Ap/kBT for several 
choices of c/kBT, as indicated in the figure using 9, = 0.2 and 
N = 16 for case a (top) and = 0.6 and N = 32 for case b 
(bottom). Full curves are guides to  the eye only; broken curve 
is the limiting function resulting in the noninteracting case (c/kBT 
= 0), m = tanh [ N A ~ / ( ~ ~ B T ) ] .  

the phase separation considered here.) Although quali- 
tatively this effect is accounted for in the Guggenheim 
approximation, where this number of contacts is taken to 
be [ ( z  - 2) + 2/N](1 - &), it is still significantly overes- 
timated. 

We can check this fact by applying the Guggenheim 
relation between A p  and m, eq 18; from each point in 
Figure 7 and eq 18 we hence can extract an effective in- 
teraction parameter eeff as the effective Flory-Huggins 
parameter eeff(C#JA,T) normalized by the factor z ( l  - &); 
Figure 9 shows that eefl/kBT €&(r#JA,T)/[Z(1 - &)] is still 
significantly different from e/kBT, although the discrep- 
ancies now are somewhat smaller than when the Flory 
approximation is used. 

From Figure 7 it is seen that the equation of state in the 
noninteracting limit e/kBT - 0 is simply given by 

consistent with both the Flory and the Guggenheim ap- 
proximations, which become identical in this limit. The 
error of both approximations is due to a wrong count of 
the number of contacts that a monomer of one chain makes 
with monomers of the other chains. This fact is illustrated 
more closely in Figure 10, where we plot for Ap/kBT = 0 
the number of contacts between monomers of different 
kind (AB) as a function of temperature, as well as the 
number of contacts (AA, BB) of the same kind, distin- 
guishing between intrachain and interchain contacts. If 
correlations in the occupation of sites by vacancies as well 
as intrachain contacts were negligible, the sum of the AB 
contacts and the AA (or BB) intrachain contacts should 
be temperature-independent and given by the value (1 - 
&)[N(z - 2) + 21. Figure 10 demonstrates that the actual 

m = tanh (NAp/2kBn (35) 

coexistence curve 

- _ _ _ _ _ _ -  - - - * - -  -X-,  

0 0.25 0.5 0.75 1 

O A / t l 4 ” 1  - 
Figure 8. Plot of the effective interaction parameter 
Xe&A,T)/[Z(1- $,.)I versus 6A/(1- &) for several temperatures, 
using the data shown in Figure 7 and eq 34 (the Flory approxi- 
mation): = 0.2, N = 16 (a, top); I#J~ = 0.6, N = 32 (b, bottom). 
Broken curves are guides to the eye only. 

number of this sum is indeed nearly temperature-inde- 
pendent, at least for 1 - & I 0.4, but significmtly smaller 
than the value quoted above. Even if one added the in- 
trachain contacts (which then need to be counted twice), 
one would not yet quite reach this value; this fact indicates 
that correlations in the occupation of sites by vacancies 
are not completely negligible, in spite of the large value 
of kBT,/e due to the large chain lengths in our model. The 
rather large number of intrachain contacts is probably 
mostly due to “crankshaft” configurations of three suc- 
cessive bonds. We can estimate the probability of these 
configurations in the approximation where the chains are 
treated as nonreversal random walks (NRRW). Then each 
bond has z - 1 orientations relative to the orientation of 
the previous bond, z - 2 orientations form a 90° angle on 
the simple cubic lattice, and the remaining orientation 
continues straight on. Only one out of the z - 1 orienta- 
tions of the third bond leads to the crankshaft configu- 
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for ScOll(q). For example, a standard procedure is to plot 
S&(q=O) versus temperature, assuming that in the tem- 
perature regime of interest x varies linearly with tem- 
perature. Then the linear extrapolation of S&(q=O) to 
the temperature where S'&(q=O) = 0 yields the critical 
temperature (if one works at the critical concentration) or 
a spinodal temperature (if one works a t  an off-critical 
concentration). 

In Figure 11 we show that a related procedure would 
work even with our data. Of course, for our model x is not 
expected to be linearly proportional to temperature over 
a wide temperature range; rather, one expects x to vary 
linearly proportional with the inverse temperature (eq 2). 
Since (cf. eq 22 and 32a) S&(q=O) = 2(xc - x) if we work 
at critical concentration, the quantity (kBT/c)S&(q=O) is 
predicted to behave with temperature according to a sim- 
ple straight line 

1 0.08 I 

E l k e l  

rza 0.12 / 
coexistence curve 

(Guggtnhctm I 

025 0.5 0.75 1 

@A/l l -@"l  - 
Figure 9. Plot of the effective interaction parameter 
x & A , ~ / [ z ( ~  - 4J] versus 4A/(I - 4,,) for several temperatures, 
using the data shown in Figure 7 and eq 18 (the Guggenheim 
approximation): dV = 0.2, N = 16 (a, top); dV = 0.6, N = 32 (b, 
bottom). Broken curves are guides to the eye only. 

ration, and hence the probability is (z - 2)/(2 - 1)2. We 
can apply this argument in a chain with N beads (N  - 1 
bonds) for the first N - 3 bonds independently and hence 
arrive a t  the estimate 
n,(intrachain,crankshaft) = [(N - 3) (z  - 2)]/(2 - 1)2 

(36) 
which implies that for N - w the effective coordination 
number for interchain contacts only is (z - 2 - 2(2-2))/(2 
- 1)2. A comparison of eq 36 to Figure 10 reveals that eq 
36 actually is an underestimate, as expected; also, larger 
loops involving more than three successive bonds will lead 
to nearest-neighbor contacts, and thus eq 36 accounts only 
for about one-half of the actual intrachain contacts. Parts 
e and f of Figure 10 show that for high vacancy concen- 
tration and relatively low temperatures there is also a 
tendency of the chains to decrease their energy by forming 
more contacts a t  low temperature than a t  high tempera- 
ture. Thus, we then expect a change of chain linear di- 
mensions with temperature as well, as will be analyzed in 
the next section. 

Often the usefulness of the Flory-Huggins theory is 
implied by its application to the analysis of scattering data 

and indeed plotting our "data" in this way one obtains 
curves strongly resembling straight lines (Figure 11). 
However, the intercept of these straight lines with the 
abscissa is not the theoretical number (N(1- 4,)z/2 = 1.2N 
in the case displayed in Figure 11) but occurs at a much 
lower temperature. 

In the regime between the effective mean-field critical 
temperature defined by the linear extrapolation in Figure 
11 and the actual critical behavior, the inverse scattering 
intensity exhibits distinct curvature. This curvature is 
expected, because our model exhibits Ising-like critical 
behavior 

S&(O) 0: ( T / T ,  - 1 ) Y  y = 1.24 (38) 

as discussed already in section 2. In real polymer systems 
(where the chain lengths considered typically are much 
larger) one expects such a crossover from a linear extrap- 
olation to Ising critical behavior, if one studies mixtures 
close enough to their critical point. Very recently exper- 
imental evidence for such a crossover has in fact been 
given.4g 

4. Chain Linear Dimensions 
In this section we are concerned with the examination 

of one of the basic ingredients of the Flory-Huggins and 
Guggenheim theories, namely, the assumption that the 
chain linear dimensions are essentially "ideal", described 
by Gaussian random walk statistics. Even though there 
is no doubt that in dense polymer systems the asymptotic 
properties of very long chains are described by Gaussian 

this does not exclude that the prefactor in the 
relation (R2,) 0: N does depend on vacancy concentration 
&, temperature, and the relative concentration @A/ (1  - 4,) 
of the polymer species. For the simple cubic lattice model 
of dense polymer solutions, where one kind of chains is put 
on the lattice, the dependence of chain configurations on 
the vacancy concentration has already been studied ex- 
tensively.50-54 In figure 12 we present our results for ( R 2 )  
and (R2,) for temperatures T -+ m, i.e., the noninteracting 
case; in this limit our results become independent of the 
relative concentration 4 ~ / ( 1 -  I&), since then there is no 
longer any distinction between the properties of A chains 
and B chains. Thus, this limit reduces to the problem 
studied in previous and as Figure 12 demon- 
strates, our data are in very good agreement with these 
previous calculations. In Figure 12 we also include the 
predictions obtained if the self-avoiding walk restriction 
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is neglected, apart from forbidding immediate reversals 
of the walk. The linear dimensions of such nonreversal 
random walks (NRRW) are55 

It is seen that even for $v - 0 the linear dimensions of the 
coils seem to be somewhat more expanded than according 
to eq 39, see Figure 13. Figures 12 and 13 show that for 
$v = 0.8 all our chains have linear dimensions still rather 
similar to self-avoiding walks in the dilute limit $v - 1, 
and also for $v I 0.6 one always has to reach a regime of 
N 2 30 in order that ( R 2 )  a N and (R2,) a N hold. 
Although our systems are fairly concentrated, due to the 

N 16 N shortness of the chains excluded volume effects are still 

32 N2 128 N2 compares the results of the Monte Carlo calculations to 

(39a) ;( 5:1) 
3 

( R 2 ) N R R W  = ;(N - 1) - - 1 - - 

1 ( N - l ) ( N + l )  5 N - l +  
4 

--- (R2,)NRRW = - 

5 N - 1  5 -(I 1 - 1/5~-1) (39b) present, and this must be taken into account when one ---- 
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Figure 11. Plot of the normalized inverse structure factor (kBT/c)(l- &!2/S,,(0) versus temperature at 6, = 0.6 and N = 8 (a, top 
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L of the cubic box used in the simulations. Actual critical temperatures were obtained from an analysis as described in section 2. 

the theoretical predictions, which usually are based on 
asymptotic relations ((P) a N ,  (R2,) Q: N) only. 

Recently the accuracy of dynamic Monte Carlo simu- 
lations of polymer chains on lattices, as done here, has been 
questioned on the ground that such algorithms are not 
strictly ergodic: certain “locked configurations” do not 
contribute to the averages.56 The consistency of the results 
of the present work with other  calculation^,^^^^ which 
apply different techniques (the “slithering snake” or 
“reptation” technique34 is applied in ref 53, while ref 54 
also applies local dynamic motions similar to the present 
case but includes more types of motions), can be taken as 
evidence that the problems noted in ref 56 are negligible 
for our purposes, at least for the restricted range of chain 
lengths considered. 

The main interest of the present Btudy, of course, is to 
consider whether the interactions between the chains affect 
their linear dimensions as well. Figure 14 shows that due 
to the attractive interactions there is indeed a noticeable 
contraction of chain linear dimensions. If one works at 
asymmetric concentrations ( 4 A  # &J, this contraction is 
more pronounced for the minority chains, as expected, 

because then intrachain contacts are favorable in order to 
lower their energy. 

We emphasize that the behavior seen in Figure 14 is not 
an artifact of a too short length of the chains, but persists 
in the limit N - a, in which case the temperature scale 
is moved toward smaller and smaller values of c/kBT, of 
course. Figure 15 shows the radii for 4 A / $ B  = 9 as in 
Figure 14 for various N ,  the temperature always being 
adjusted such that @A = && and = ?:&. It is seen that 
the difference in radii between the majority and minority 
species is largest for N - 03. 

The change of chain linear dimensions with temperature 
and relative concentration 4A/ (+A + &J clearly is an effect 
which goes beyond the simple theories outlined in section 
3. Even if we neglect these variations, we should take into 
account the enhancement of the linear dimensions with 
increasing vacancy concentration dV, shown in Figures 12 
and 13, since the state of the system a t  c / k B T  = 0 acts as 
a kind of “reference state”, relative to which we consider 
the effects of interactions and the entropy of A-B mixing. 

A rather straightforward extension of the standard 
formulation of the statistical mechanics of binary polymer 
mixtures15-17 can be based on the random phase approx- 
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Figure 12. Log-log plot of the normalized gyration radius square 
(R2,,)/(N - l), upper part, and the normalized squared end- 
to-end distance ( R 2 ) / ( N  - 11, lower part, versus the number of 
bonds N - 1 per chain for various concentrations of vacancies &. 
as indicated and the athermal case (t/kBT = 0). Data for N = 
10,20, and 30 are due to De Vos and BellemansWb1 and 0kamotom 
while data for N = 50 are due to Olaj and Lant~chbauer~~ (at 1 
- @v = 0,0.4,0.6) and Okamoto" (at 1 - &, = 0,0.2). Dash-dotted 
curves are guides to the eye only. Solid curves represent simple 
power laws (for 1 - & = 0, the exponents being indicated in the 
figure) and the NRRW approximation, eq 39, respectively. Errors 
are always smaller than the sizes of the symbols, except for the 
point N = 64, 1 - 

imation (RPA) of de Gennes28 for the collective structpe 
function S,(k) [note that S,(k) = Sc011(k)/4 if Scoll(k) is 
defined as done in eq 6 and 71 

= 0.6, where the error bar is given. 

wheje + c $ ~  = 1 for a binary mixture, with S A ( i )  and 
SB(k) being the single-chain structure factors of A chains 
and B chains, respectively. The standard assumption now 
involves Gaussian statistics and expresses then SA(a) and 
SB(q') in terms of the associate Debye functions, with 

the sizes of effective segments of the two chains, and NA 
and NB being the chain lengths. It is this approximation 
which we wish to avoid, and hence we put 

(R2 F A  ) = C A ~ N A / ~ ,  (R2,)B = ( ~ B ~ N B / ~ ,  'TA and CTB being 

without implying anything about (R2,)A or (R2,)B. This 
yields 
S,'(i) = 

which simplifies in the symmetric case (using @A = 4, +B 
= l - d , N A = N B = I V )  to 

It is obvious that inclusion of excluded volume via a more 
general behavior of (R2,) does not change Sf'(k = 0); 
only terms of order k 2  get affected within the RPA. As 
a consequence, however, also the coefficient of the gradient 
square term in the effective Ginzburg-Landau function- 
a115-17,46 gets changed 
A 3  - - -  

k B  T 

(434 
where in the asymmetric case the free energy density 
corresponding to eq 42a is the same as eq 3 

while in the symmetrical case we can write f (4 )  = [@ In C#I 

+ (1 - 4) In (1 - 4) l /N  + x [ d l  - 411 and 

A behavior of (R2,,) different from the simple Gaussian 
behavior (R2,) = (r2N/6 does affect the mapping of the 
long-wavelength properties of the polymer mixture to the 
equivalent medium-range Ising as well as the va- 
lidity of mean-field approximations according to the 
Ginzburg c r i t e r i ~ n . ' ~ , ~ ~  Since the free energy density of 
an king model in mean-field approximation is f I s ing  = 4 
In 4 + (1 - 4) In (1 - 4) + 2(Tc/T)@ (1 - 4) 

with r being the interaction range of the king model, we 
find 

Nx E 2T,/T 
Hence it is seen that the gyration radius plays the role of 
an effective interaction range. Now for a medium-range 
Ising model mean-field approximations are valid as long 
as 

rd( l  - T/Tc)(4-d)/2 >> 1 d < 4 (46) 
where d represents spatial dimensionality. According to 
eq 45 this is translated into the polymer case replacing r(' 
by (1/N) (R2gyr)d/2, if we disregard the numerical factor 
3441 - $), which is 3 /4  at  the critical point. Hence the 
mean-field approximation for the polymer mixture should 
be valid as long as (for d = 3) 

1 
(47) N 

The variable on the left-hand side of the Ginzburg criterion 
is also the appropriate variable to describe the crossover 
from mean-field to Ising-like critical behavior; e.g., for the 
order parameter we obtain 

m = (1 - 7'/7'c)1/2fm{(1 - 7 ' / 7 ' c ) ( R 2 g , r ) 3 / ~ ]  (48) 

where the scaling function f,({) must behave as f,,.,({-+m) 

= 43, in order that for N - m eq 33 is reproduced, while 

- ( ~ 2 , , , ) 3 / 2 ( 1  - T / T ~  >> 1 
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Figure 13. Plot of mean-square gyration radius (a, left) and mean-square end-to-end distance (b, right) versus monomer concentration 
1 - $,, in the noninteracting case ( t /kBT = 0). Error bars are only given if they exceed the size of the points, curves are guides to the 
eye only, and broken horizontal lines are the predictions based on eq 39. Parameters of the curves are the chain lengths N. Points 
denoted by KSY are taken from ref 54, while points denoted by OL are obtained by extrapolating results of ref 52 to the chain lengths 
used here. Note that these points for &. = 0 may have a small systematic error because the sampling technique of ref 52 uses 
nonmonodisperse polymer chain systems. 

?,({-+O) a: p-0.5, in order that  eq 14 is reproduced for T - T,. For (R2,) = a2N/6 eq 48 reduces to the crossover 
scaling description of ref 36, of course. Note that the factor 
1/N in eq 47 can be simply interpreted as x,, the Flory- 
Huggins parameter at the critical point (cf. eq 45). This 
becomes obvious if we rewrite eq 42b as 

-1 J Z  

(49) f = - ( R 2  1 ill2( 1 - E) 
3112 * 

with f being the correlation length of concentration fluc- 
tuations. The condition that the mean-square concen- 
tration fluctuation in a correlation volume is much smaller 
than the mean-square order parameter then also yields eq 
47 or alternatively 

Unfortunately, the considerations presented in eq 40-49 
seem not to be consistent with the critical behavior ob- 
served in the simulations. This is seen in Figure 16 where 
the results for m in the critical region are plotted in such 
a way that the results for different chain lengths should 
collapse on a single function, related to the scaling function 
f,. The crossover scaling implied by eq 48 does not work, 
whether we use the actual results for (R2,) (Figures 1 2  
and 13) or the asymptotic for (R2,) = c2N/6 valid for N - 

More work is necessary to understand this discrepancy: 
possibly recent renormalization group the~ries~’”~ dealing 
with polymer mixtures in dilute and semidilute solutions 
can explain the present datato although in a strict sense 
these theories are valid for nonconcentrated solutions only 
(1 - 4,s 0.1). Qualitatively, one has to partition the chains 
into “blobs”, the size of which depends on the vacancy 
concentration 4,. Inside one blob, the chain configuration 

- X / X ~ ) ’ / ~  >> 1. 

and 1 - @,, # 0. 

is swollen, and basically there are no monomers of other 
chains. This leads to an effective “renormalized” Flory- 
Huggins parameter x. We intend to check these concepts 
in future work. 

5. Conclusions 
For the first time in the present work a Monte Carlo 

investigation of the thermodynamics of the Flory-Huggins 
lattice model of polymer mixtures including vacancies has 
been given. Our results show that for the simple cubic 
lattice the Flory approximation for the critical temperature 
of the model fails rather badly. The Guggenheim ap- 
proximation though, somewhat better, is still rather in- 
accurate (Figure 5). We interpret the inaccuracies of these 
theories in terms of an overestimation of the number of 
contacts that monomers of a given chain have with mo- 
nomers of other chains. In contrast, we are proposing that 
at  e/kBT = 0 for symmetrical mixtures (NA = NB = N) the 
entropy of A-B mixing expression L!.S/kB = [4* In @A + 
@B In @B - (1 - 4,) In (1 - &)]/N is exact, because A S  
simply counts the ways in which in each polymer-vacancy 
configuration the “unlabeled” polymer chains can be 
“labeled” as A or B consistent with a given volume fraction 
@A of A chains and @B of B chains. The complicated 
problem of enumerating the number of ways in which the 
polymer chains of length N can be placed on the lattice 
consistent with a given volume fraction &, of vacancies is 
not involved in the “labeling” problem, and hence the 
entropy associated with this chain configurational statistics 
cancels out from AS. A consequence of the fact that the 
A-B mixing part of the entropy is exact is also the fact that 
the equation of state in the noninteracting limit simply 
is m = tanh (NAp/2kBT), where = [ ( l  - 4,)(1 + m)]/2 
and 4B = [(l - @,)(1- m)]/2; this is so because then in the 
grandcanonical ensemble each chain can be “labeled” in- 
dependently of each other chain, with probabilities P A  = 
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Figure 14. Plot of the mean-square gyration radius (R2,) (upper 
part) and the mean-square end-to-end distance ( R 2 )  (lower part) 
at constant 4A versus inverse temperature, t/kBT, for N = 32 and 
& = 0.6. Both radii are normalized by their values at t / k B T  = 
0. The crosses refer to the majority component (4~~/ (1-  dV) = 
0.9), the circles to  the minority component ( 4 ~ / ( 1  - 4,) = 0.1). 
Curves are guides to  the eye only. Note that the largest t/kBT 
shown corresponds to results taken at the coexistence curve (still 
larger c/kBT would correspond to metastable states inside the 
two-phase coexistence region). 

exp(NAr/ 2 h T )  / [exp(N&L/2k~T) + exp(-NAp/ 2 k ~ T )  1 
and p~ = exp(-NAp/2kBT)/[exp(NAp/2kBT) + 
exp(-NAp/2k~T)], with Ap being the chemical potential 
difference between A and B monomers. Now the order 
parameter m = (4A - &))/(I  - &) = P A  - pw This property 
has also been verified directly by the simulations (Figure 
7). We have also verified that the actual number of in- 
terchain contacts that monomers of one chain have is 
considerably less than the estimates resulting from the 
Flory approximation (zN, z being the coordination num- 
ber) or Guggenheim approximation ( (2  - 2)N + 2), see 
Figure 10. 

We also have studied the coexistence curve (obtained 
from the order paramster for Ap = 0) and the collective 
structure factor Scoll(k=O), and we have compared them 
to the Flory and the Guggenheim approximations. We find 
that the actual coexistence curve has not the parabolic 
shape resulting from such approximations but is consid- 
erably flatter (Figure 61, reflecting-the Ising critical ex- 
ponent @. Similarly, a plot of S&(k=O) versus tempera- 
ture near the critical point does not vanish linearly but 
rather in a curved fashion, reflecting the Ising critical 
exponent y, although in a broad regime of temperatures 
a linear variation with temperature is a reasonable ap- 
proximation (Figure 11). While these results are consistent 
with current theoretical expectations, the failure of our 
results to show the expected crossover scaling behavior 
(Figure 16) is unexpected. 

Particular attention has also been paid to the linear 
dimensions of the chains (Figures 12-15). In the nonin- 

I 
A 
N 

v 
KIZ 

, ’0 
01 02 0 3  

0 200 

1/m - 

0 01 0 2  0 3  
1 L  

1 I f i  - 
Figure 15. Plot of the mean-square gyration radius (R2,,) 
normalized per chain length N (upper part) and of the mean- 
square end-to-end distance (R2) normalized per chain length 
(lower part) as function of 1/v”, for 4*/(1 - 4~ = 0.9, @?/(I 
- &) = 0.1, &, = 0.6, and t / k B T  chosen such that the state is at 
the coexistence curve for each value of N .  

teracting limit our results are in full agreement with var- 
ious earlier investigations, extending them over a more 
complete range of vacancy concentration and chain lengths. 
It is shown that even for fairly concentrated systems there 
are still short-scale excluded volume effects present, the 
linear dimensions always being distinctly longer than those 
of the nonreversal random walk approximation (Figures 
12 and 13). In the interacting case the chain linear di- 
mensions get somewhat reduced when t/kBT increases 
(Figure 14). This reduction of linear dimensions is more 
pronounced for the minority component than for the 
majority component; the relative difference between ma- 
jority and minority radii goes to a finite limit at  the 
coexistence curve for N - m. 

Are there any consequences for the use of the Flory- 
Huggins approximation in the interpretation of experi- 
ments? We feel that the Flory-Huggins free energy ex- 
pression may still be a useful “working formula” to “fit” 
real data but one should be careful in attributing too much 
physical meaning to the dependence of the Flory-Huggins 
parameter on temperature and volume fractions; part of 
these dependences are due to  the inaccuracies of the un- 
derlying approximations. This is clearly revealed by Fig- 
ures 8 and 9, where the numerical results for the equation 
of state (Figure 7) were treated as “given experimental 
data” and estimates for x were extracted from them by 
using the Flory equation of state or the Guggenheim 
equation of state, respectively. The resulting effective 
interaction parameter cefl/kBT = Xeff(4A,T)/Z(1- 4”) differs 
from the actual €/kBT not only is it offset by a tempera- 
ture-dependent factor, but there are also spurious depen- 
dences on dA, &, and N. 

The advances described in the present work did require 
substantial amounts of computing time, and rather special 
simulation techniques had to be used (grandcanonical 
sampling technique, finite-size scaling, cumulant inter- 
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planning to perform additional calculations for small values 
of 1 - and to carry out a detailed comparison to the 
theory  and per t inent  experiments in our future work. 
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affected by finite-size rounding are included in this figure. Straight 
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0.01. Note that according to eq 48 the curves for various values 
of N should al l  be parts of a single-valued function of (1 - T/T,)N. 
(b, bottom) m ( R 2 ) 3 / 2 / N  plotted as a function of (1 - 
T/Tc)(R2)3/N2 to show that also with this choice of scaling 
variables the data do not collapse on a single curve. 

section methods, etc.). Thus the extension of the present 
s tudy to truly realistic models is not straightforward (where 
various types of asymmetr ies  need to be included, off- 
lattice chains should be treated with realistic rotational 
potentials and interchain potentials representing the steric 
effects of various sidegroups, etc.). But there is no reason 
to assume that the inaccuracies that already are occurring 
in the standard Flory-Huggins treatment of the very sim- 
plest model, as revealed here, become less severe when one 
moves along to more complicated situations. Instead we 
hope that the present work m a y  provide some guidance 
for the improvement of these theoretical approaches and 
that it also will stimulate careful experiments to yield more 
complete information on the thermodynamic properties 
of real polymer mixtures. A very promising approach to 
understand phase separation of polymer mixtures in dilute 
and semidi lute  solution is the renormalization group ap- 
p r o a ~ h ; ~ ' - ~ ~  thus an extension of the present work to 
smaller polymer concentrations seems very desirable and 
will be presented in future work. After this manuscr ip t  
had been essentially completed, LeiblerGO has informed us 
that the theory59 even can account  for  the chain length 
dependence of critical amplitudes observed in our previous 

on very concentrated solutions (& = 0.2). We are 
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Dimensions of a Polymer Chain in a Mixed Solvent 
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ABSTRACT: The equilibrium behavior of a flexible polymer in a binary solvent mixture is investigated via 
Monte Carlo simulation. The mixed solvent is modeled as an Ising fluid occupying the sites of a simple cubic 
lattice, with the polymer described as a self-avoiding random walk on the same lattice. The solvent has a 
critical consolute point, and the polymer preferentially adsorbs the better solvent component. A coupling 
between preferential adsorption and the solvent correlations present near the consolute temperature of the 
solvent causes the chain to contract, as predicted by Brochard and de Gennes. However, preferential adsorption 
also causes chain contraction far from the critical temperature. A t  large values of preferential adsorption, 
the chain contracts below the dimensions it would have in either of the pure solvent components. 

I. Introduction 
Our understanding of the equilibrium properties of 

linear polymers in one-component solvents is very well 
developed. On the basis of mean field theories, such as 
the Flory-Huggins theory,’ and more sophisticated re- 
normalization group theor ie~ ,~b  experiments on dilute 
polymer solutions can be quantitatively interpreted. As 
a consequence, recent theoretical efforts have been focused 
on less mature areas such as semidilute solution statics and 
dynamics, the dynamics of entanglements, and interfacial 
phenomena. 

A problem that has received surprisingly little attention 
is the configurational statistics and thermodynamic 
properties of polymers in mixed solvents. Because a 
polymer chain may preferentially adsorb one of the solvent 
components, such systems can possess inhomogeneities not 
found in solutions of a polymer in a single-component 
solvent. Among the few theoretical treatments of this 
problem are the Shultz-Flory theory: a type of mean field 
theory, and the Brochard-de Gennes theory,” which deals 
with the particular case of the solvent mixture being near 
a critical point. A related problem is the collapse of a large 
polymer in a good solvent upon the addition of smaller 
polymers incompatible with the longer The 
Brochard-de Gennes theory makes an interesting predic- 
tion for a polymer in a mixture of two good solvents, where 
the affinities of the macromolecule for the two solvent 

the polymer for one of the solvent components, while 
holding other parameters of the system fixed. Yamaka- 
wa14J5 has pointed out the complications introduced into 
the analysis of light scattering data by the presence of 
strong preferential adsorption. Because of such difficulties, 
experimental studies inconsistent with the Shultz-Flory 
theory are not particularly c~nvincing.’~J’ 

An alternative means of testing the analytical theories 
for polymers in mixed solvents is through computer sim- 

With simulation techniques there is no difficulty 
in independently varying solvent quality, preferential af- 
finities, or temperature, while holding certain other pa- 
rameters constant. Furthermore, because information on 
chain dimensions and correlations is readily accessible, 
computer simulation methods are ideal for detecting 
configurational changes, such as the collapse transition 
predicted by Brochard and de Gennes. 

In the present paper we report Monte Carlo lattice 
simulations of a polymer in a two-component solvent 
mixture. Various predictions of the Shultz-Flory and 
Brochard-de Gennes theories are addressed. The organ- 
ization of the manuscript is as follows. In section TI we 
describe our modification of the conventional Monte Carlo 
technique to model ternary systems. The relevant theories 
are briefly reviewed in section 111, and the simulation re- 
sults are presented in section IV. Section V contains a 
discussion of these results and our conclusions. 

components differ substantially. The prediction is that 
the polymer will adopt collapsed configurations as the 
critical temperature T,  of the solvent mixture is ap- 
proached, even though it would be swollen in either of the 
pure component solvents at the same temperature. 

In contrast to the Flory-Huggins theory for one-com- 
ponent solvents, the theories for mixed solvents have not 
been subjected to extensive experimental tests. In part, 
this is due to the difficulty in independently varying a 
particular parameter such as the preferential affinity of 
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‘I. 
Technique 

We consider a single polymer chain in a mixture of two 
solvents that will be denoted A and B. The state of the 
system is described by the occupancy of the sites of a 
simple cubic lattice in three dimensions by A molecules, 
B molecules, and “monomers” (i.e., the units linked in the 
polymer chain). The volumes of A, B, and monomer are 
assumed equal, hence volume fractions and mole fractions 
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